Abstract. The paper has two objectives. On the one hand, we study left Haar null sets-a measure theoretic notion of smallness on Polish, not necessarily locally compact, groups. On the other hand, we introduce and investigate two classes of Polish groups which are closely related to this notion and to amenability. We show that left Haar null sets form a σ-ideal and have the Steinhaus property on Polish groups which are "amenable at the identity" and they lose these two properties in the presence of appropriately embedded free subgroups. As an application we prove an automatic continuity result for universally measurable homomorphisms from inverse limits of sequences of amenable, locally compact, second countable groups to second countable groups.
Introduction
All groups in this paper are assumed to be second countable. Some results can be extended to locally compact groups without a countable basis or to first countable groups, but we will not concern ourselves with these refinements.
By a Polish group we understand a topological group with a separable, metric, complete topology. All locally compact, second countable groups are Polish. However, there are many interesting Polish non-locally compact groups which can be found among the additive groups of separable Banach spaces, automorphism groups of countable structures, homeomorphism groups of compact metric spaces, countable products of locally compact, second countable groups, unitary groups of separable Hilbert spaces, isometry groups of Polish metric spaces, etc. The reader may consult [2] , [11] , [17] , [29] for a small sample of various aspects of recent work on Polish "large", i.e., not necessarily locally compact, groups. All Polish groups are equipped with a natural notion of translation invariant, topological smallness-meager sets. If a group happens to be locally compact, a measure theoretic counterpart of meager sets is provided by Haar measure zero sets. If the group is not locally compact, left translation invariant, locally finite, Borel measures do not exist on it. In many situations, however, there is a need for a measure theoretic notion of smallness on a general Polish group, see for example [1] , [4] , [7] , [10] , [18] , [21] , [23] , [24] , [26] . A natural and well studied such notion of smallness on all Polish groups is given by the following definition.
Definition. A subset of a Polish group G is called left Haar null if there is a universally measurable set B containing it and a Borel probability measure µ on G such that µ(gB) = 0 for all g ∈ G.
Recall that a subset of a Polish group is universally measurable if it is measurable with respect to any Borel probability measure.
Left Haar null sets are well understood on locally compact, second countable groups and on Abelian Polish groups. In fact, a routine application of Fubini's theorem gives that left Haar null sets coincide with Haar measure zero sets on locally compact, second countable groups. For an introduction to left Haar null sets on Abelian Polish groups the reader may consult [4] and [8] . (Left Haar null sets are called Haar null in these references.) In the present paper, we investigate this class of measure small sets on general Polish groups.
Two test properties are asked of a family of measure small subsets of a Polish group G: the family should be a proper σ-ideal (i.e., be closed under taking subsets and countable unions and not contain G) and it should fulfill the Steinhaus property (i.e., if A is a universally measurable set which is not in the family, then 1 is an element of the interior of A −1 A). The existence of a family of subsets of a Polish group G with these two properties leads immediately to an important application: each universally measurable homomorphism from G to a second countable group is continuous. (In fact, the Steinhaus property was isolated in [34] as an outcome of an analysis of Frechet's and Sierpiński's work on continuity of measurable homomorphisms from (R, +) to (R, +). An old question of Christensen asks if any universally measurable homomorphism from a Polish group to a second countable group is continuous.)
It emerges from the present work that whether left Haar null sets have the properties discussed in the previous paragraph strongly depends on the structure of the underlying group. Two classes of groups turn out to be crucial here. Their definitions are, in a sense, localizations at the identity element of amenability and of having a discrete non-Abelian free subgroup. Positive results on left Haar null sets are obtained for groups in the first class, negative results for groups in the second class. It may be hoped that these classes of Polish groups will turn out to be important in other contexts as well.
Here is the definition of the first class. (For an explanation of the name "amenable at 1" see the remarks following the definition of amenability in Section 2.) Definition. A Polish group G is called amenable at 1 if for any sequence µ n , n ∈ N, of Borel probability measures with 1 in the support of each µ n there exist Borel probability measures ν n , ν, for n ∈ N, with ν n absolutely continuous with respect to µ n and such that (1.1) ∀K ⊆ G compact lim n ν * ν n (K) = ν(K).
For a Borel probability measure µ on a Polish group G letμ be the measure defined byμ(B) = µ(B −1 ) for Borel B ⊆ G. A quick computation shows that ν * ν n (B −1 ) = ν n * ν(B) from which it follows that in the definition of amenable at 1 group we can replace condition (1.1) by
and obtain an equivalent definition.
In Subsection 3.2, we explore the extent of the class of amenable at 1 Polish groups. In Proposition 3.1, we prove that this class is closed under taking closed subgroups and continuous homomorphic images. Further, it follows from Proposition 3.2 that the following groups are amenable at 1:
• locally compact, second countable groups;
• Abelian Polish groups;
• inverse limits of sequences of amenable, locally compact, second countable groups with continuous homomorphisms as bonding maps.
In Subsection 3.1, we prove the following theorem showing that amenability at 1 implies that left Haar null sets have the desired properties. A connection between Haar null sets and amenability was first hinted at in [32] . Theorem 1 generalizes results on locally compact, second countable groups [37, p.50 ] (see also [16, Corollary 20.17] ) and on Abelian Polish groups [7] , [8] . These two classical theorems were used to prove that any universally measurable homomorphism from a locally compact or an Abelian Polish group to a second countable group is continuous. The following corollary, proved in Subsection 3.1, which we deduce from the theorem above, extends both these results. Moreover, it adds, for example, countable products of amenable, locally compact, second countable groups to the class of Polish groups on which universally measurable homomorphisms are continuous.
Corollary 2. Let G be an amenable at 1 Polish group. Then any universally measurable homomorphism from G to a second countable group is continuous.
In this context, one should mention two other automatic continuity results. In [6] it is proved that any universally measurable homomorphism from a Polish group to a second countable group with a left-and-right invariant metric is continuous. In [20, Theorem 5.21 ] Polish groups are found on which an arbitrary homomorphism to a second countable group is continuous. In Section 4, we investigate when the properties of left Haar null sets from Theorem 1 fail to hold. The following definition provides us with an antiamenability-at-1 property of groups which is relevant to these considerations.
Definition. A Polish group G is said to have a free subgroup at 1 if it has a non-discrete free subgroup whose all finitely generated subgroups are discrete.
We will also need the following technical notion.
Definition. A Polish group is strongly non-locally compact if for any neighborhood U of 1 there exists a neighborhood V of 1 such that U cannot be covered by finitely many sets of the form gV h with g, h ∈ G.
In Subsections 4.3.1 and 4.3.2, we derive various criteria for a Polish group to have a free subgroup at 1 and to be strongly non-locally compact the most interesting of which, Proposition 4.4, gives a sufficient condition for strong non-local compactness in terms of distal-type actions of the group. We apply these criteria to show that the well studied Polish groups on the following list fulfill both these conditions:
• countable products of Polish groups containing discrete free non-Abelian subgroups; • S ∞ the group of all permutations of a countably infinite set;
• the group of all permutations of Q which preserve the standard linear order; • the group of all homeomorphisms of 2 N ;
• the group of all measure preserving homeomorphisms of 2 N where 2 N = {0, 1} N is equipped with the Lebesgue measure which is the product of measures on {0, 1} assigning weight 1/2 to 0 and to 1; • the groups of all homeomorphisms of [0, 1] n , n ∈ N;
• the completion of the free group on N N with the Graev metric [12] ; this group is a surjectively universal group for Polish groups with two-sided invariant metrics.
The following theorem proved in Subsection 4.1 shows that both properties: of being a σ-ideal and of having the Steinhaus property break down for left Haar null sets in the presence of a free subgroup at 1. In relation to point (i) below notice that left Haar null sets are invariant under right (and, of course, left) translations.
Theorem 3. Let G be a Polish group. Assume G has a free subgroup at 1.
(i) There exists a universally measurable (even Borel) set B ⊆ G such that B is left Haar null and B ∪ Bg = G for some g ∈ G.
(ii) Assume, additionally, that G is strongly non-locally compact. Then there exists a universally measurable (even Borel) set A ⊆ G which is not left Haar null and 1 ∈ int(A −1 A) holds.
An interesting feature of the construction in point (ii) above are certain estimates derived from isoperimetric inequalities on free groups. We hope this construction will find other applications. Note that Theorems 1(i) and 3(i) imply that amenability at 1 and having a free subgroup at 1 exclude each other. There do, however, exist Polish groups with a free subgroup at 1 which are extremely amenable, that is, all their continuous actions on compact spaces have fixed points, see §4.3.3, Example 2.
The next corollary, which is an immediate consequence of Theorem 3, indicates that a new approach may be needed to prove continuity of universally measurable homomorphisms defined on groups as in the assumptions of Theorem 3, if such a result is true at all. Corollary 4. Let G be a Polish group containing a free subgroup at 1 and being strongly non-locally compact. There is no family F of subsets of G which has the following three properties:
(i) F contains all left Haar null sets or is contained in the family of left Haar null sets; (ii) F is closed under taking finite unions and G ∈ F; (iii) 1 is in the interior of A −1 A for any Borel set A ⊆ G with A ∈ F.
As a by-product of the method used to prove Theorem 3, in Subsection 4.2 we show the following result which may be of independent interest. Theorem 5. Let G be a locally compact, second countable group. There exists a neighborhood V of 1 such that no two elements of V generate a discrete, nonAbelian, free subgroup of G.
There exists another well studied notion of measure theoretic smallness on Polish groups-Haar null sets. Below we compare this notion with left Haar null sets and indicate some consequences for Haar null sets that can be derived from Theorem 3.
Definition. A subset of a Polish group G is called Haar null if it is included in a universally measurable set B such that for some Borel probability measure µ on G we have µ(gBh) = 0 for all g, h ∈ G.
If the group G is locally compact, Haar null sets coincide with Haar measure zero sets [7] , [8] , [35] . Obviously, Haar null sets are left Haar null and these families coincide on locally compact, second countable and on Abelian Polish groups. As proved in [30] in general the two notions are not identical.
Haar null sets form a σ-ideal on an arbitrary Polish group [7] , [8] , [35] . The status of the Steinhaus property for this family is, however, very different. It does hold on locally compact, second countable and on Abelian Polish groups, [37, p.50] , [7] . Notice, however, that on these types of groups Haar null sets coincide with left Haar null sets. It was shown in [33] that Haar null sets lose the Steinhaus property on some countable products of countable discrete groups even if the algebraic structure of the factors is not far from Abelian. Moreover, this happens on such product groups precisely when Haar null sets cease to be equal to left Haar null sets. Here is the precise statement from [33] .
Let H n , n ∈ N, be countable discrete groups. The following conditions are equivalent.
(i) If A ⊆ n H n is a universally measurable set which is not Haar null, then 1 is in the interior of A −1 A. (ii) Left Haar null and Haar null sets coincide on n H n .
(iii) For all but finitely many n, all elements of H n have finite conjugacy classes.
Recall that finite conjugacy class groups form a small subclass of amenable groups. Therefore, the above quoted theorem and the remarks preceding it and the main results of the present work suggest that, at least when the two test questions considered in this paper are concerned, left Haar null sets seem to be a more appropriate notion of measure small sets than Haar null sets. Be it as it may, Theorem 3 can also be used to obtain interesting consequences for Haar null sets. Mycielski [24] inquired if Haar null sets are always equal to left Haar null sets and Christensen [8] and Mycielski [24] asked if the Steinhaus property holds for Haar null sets. It was shown in [30] that on the group of all increasing homeomorphisms of [0, 1] the first question has a negative answer. The result from [33] quoted above provides examples of groups answering both questions in the negative. All these results give examples of rather particular natures. The corollary to Theorem 3 stated below and proved in Subsection 4.2 shows that both questions above have negative answers on a large class of Polish groups (see Subsections 4.3.1 and 4.3.2).
Corollary 6. Let G be a Polish group with a free subgroup at 1. We finish the paper with stating some open questions in Section 5.
Definitions and notation
If X is a Polish space, let K(X) be the space of all compact subsets of X with the Vietoris topology. It is a Polish space. Moreover, a metric d on X induces the Hausdorff metric on K(X), which is compatible with the Vietoris topology, as follows: ∅ is at distance 1 from any nonempty set in K(X) and the distance between two nonempty K, L ∈ K(X) is given by the formula max sup
We denote the Hausdorff metric again by d.
We will also need the space P (X) of all probability Borel measures on X with the topology induced by the functions P (X) µ → X f dµ ∈ R for continuous bounded f : X → R. This is also a Polish topology. The set P (X) is a subset of the normed linear space consisting of all signed countably additive measures on X. The norm we consider this space to be equipped with is ν = sup{|ν(B)| : B ⊆ X Borel} [9, p. 86] . The topology this norm induces on P (X) is stronger than the Polish topology described above. For x ∈ X let δ x stand for the measure given by δ x (A) = 1 if x ∈ A and δ x (A) = 0 if x ∈ A. For µ ∈ P (X), let the support of µ, in symbols supp(µ), be the set
We write ν µ if ν is absolutely continuous with respect to µ, that is, if all Borel (or, equivalently, universally measurable) µ-measure zero sets are ν-measure zero. If π : X → Y is a Borel function, X and Y are Polish spaces, and µ is a Borel measure on X let π * µ be a Borel measure on Y given by
for a Borel set B ⊆ Y . Let G be a Polish group. For two measures µ, ν ∈ P (G) recall that the convolution µ * ν is defined by letting
If µ ∈ P (G) and g ∈ G, define measures g µ, µ g ∈ P (G) by letting
for a bounded Borel function f : G → R. So for a Borel set B ⊆ G, we have
Recall that a locally compact group H is amenable if there exists a linear functional m from the linear space C b (G) of all real valued, bounded, continuous functions from G to R such that (i) m( g f ) = m(f ) for any f ∈ C b (G) and any g ∈ G and (ii) m(f ) ≥ 0 for any non-negative f ∈ C b (G) and m(1) = 1 where 1 is the function constantly equal to 1.
There exists a large variety of conditions characterizing amenability of locally compact groups. Our definition of amenability at 1 is not analogous to a standard such condition. However, it is not difficult to show that the following condition on a locally compact, second countable group G is equivalent to the property in [27, Theorem 4.4(iii) for p = 1] which, in turn, is equivalent to amenability.
For any Borel probability measure µ on G and any > 0 there exists a Borel probability measure ν such that for any compact set
This condition makes the analogy between amenability at 1 and amenability clearer. Let N stand for the set of all natural numbers including 0. By 2 we denote the set {0, 1}. So, for example, 2 N is the compact metric space {0, 1} N where {0, 1} is taken with the discrete topology.
If A ⊆ X × Y for some sets X, Y , for x 0 ∈ X and y 0 ∈ Y let A x 0 = {y ∈ Y : (x 0 , y)} and A y 0 = {x ∈ X : (x, y 0 )}.
3. Amenability at 1 and left Haar null sets 3.1. Left Haar null sets and automatic continuity on amenable at 1 groups. In the present subsection we establish Theorem 1 and Corollary 2.
Proof of Theorem 1. (i) Let A n ⊆ G, n ∈ N, be left Haar null. We can assume that each A n is universally measurable. Note that if a Borel probability measure witnesses that a set is left Haar null, then so does any left translate of the measure. This observation allows us to pick a sequence (µ k ) of Borel probability measures such that for any n there are infinitely many k with µ k witnessing that A n is left Haar null and with 1 ∈ supp(µ k ). Since G is amenable at 1, we can find ν k , ν ∈ P (G) such that ν k µ k and for any compact K,
Note that, since ν k µ k , for a given n there is infinitely many k such that for all h ∈ G we have ν k (hA) = 0. Therefore, for any g ∈ G lim inf
Thus, the same is true for any compact subset K of A n , hence by (3.1) ν(gK) = 0 for any such compact set. It follows from it that, since A n is universally measurable, ν(gA n ) = 0. Since this holds for each n, ν(g( n A n )) = 0 for any g ∈ G, which implies that n A n is left Haar null.
(ii) Let A ⊆ G be a universally measurable set which is not left Haar null. Assume towards contradiction that 1 is not in the interior of A −1 A. This means that we can pick a sequence g n → 1 as n → ∞ with
Consider the sequence of measures µ k = n≥k 2 k−n−1 δ gn , k ∈ N, and note that 1 ∈ supp(µ k ) for each k. Applying to it the definition of amenability at 1, we get Borel probability measures ν k µ k and ν such that for any compact set K we have
We claim that ν witnesses that A is left Haar null. Assume the opposite, that is, ν(h 0 A) > 0 for some h 0 ∈ G. Note first that since ν k n≥k 2 k−n−1 δ gn , we have ν k = n≥k α n,k δ gn with α n,k ≥ 0 and n≥k α n,k = 1 and, therefore, for any compact set K
Fix now an open set U 0 ⊇ A with
Combining this with (3.3) and (3.4) applied to K = h 0 K 0 , we see that for large enough k,
Since the numbers α n,k are non-negative and add up to 1, it follows from the last formula that there exists n k ≥ k such that
Thus, in the light of (3.5) and (3.6), we have an n such that
This gives g n ∈ A −1 K 0 which is a direct contradiction with (3.2) since K 0 ⊆ A.
Proof of Corollary 2. This is a routine argument from Theorem 1. Let f : G → H be a universally measurable homomorphism with G amenable at 1 and H second countable. It suffices to show that f is continuous at 1. We can assume that f is surjective. Let W be an open neighborhood of 1 in H. Let V be an open neighborhood of 1 in H with V −1 V ⊆ W . Then countably many translates of V cover H. Since f is onto, countably many translates of f −1 (V ) cover G. Thus, f −1 (V ) is not Haar null by Theorem 1(i). Since it is also universally measurable, by Theorem 1(ii), 1 is in the interior of
Since W was an arbitrary open neighborhood of 1, we are done.
3.2.
Extent of the class of amenable at 1 groups. Let X be a Polish space. A simple argument shows that if µ n , µ ∈ P (X), n ∈ N, and lim inf n µ n (K) ≥ µ(K) for all compact K ⊆ X, then for any bounded Borel function f : X → R, we have lim n X f dµ n = X f dµ. This last condition, in turn, is equivalent by Nikodym's Theorem [9, p. 90] to weak convergence of (µ n ) to µ. Here we consider P (X) as a subset of the normed linear space of all signed Borel countably additive measures on X (see Section 2). Thus, we have the following simple lemma.
Lemma 3.1. Let G be a Polish group. The following conditions are equivalent
(iv) for any sequence µ n ∈ P (G), n ∈ N, with 1 ∈ supp(µ n ) there exist ν n , ν ∈ P (G) such that ν n µ n and the sequence (ν * ν n ) weakly converges to ν. Proposition 3.1. A closed subgroup of an amenable at 1 Polish group is amenable at 1. A Polish group which is a continuous homomorphic image of an amenable at 1 Polish group is itself amenable at 1.
Proof. We deal with closed subgroups first. Let G be amenable at 1 and let H < G be a closed subgroup. Let µ n be Borel probability measures on H with 1 ∈ supp(µ n ). These are also measures on G so there exist ν n µ n and ν in P (G) with lim n ν * ν n (B) = ν(B) for any Borel B ⊆ G. Of course, the supports of the measures ν n are included in H so, to show that H is amenable at 1, it will suffice to produce a Borel probability measure ν with the support included in H so that lim n ν * ν n (B) = ν (B) for any Borel B ⊆ H. Let S ⊆ G be a Borel set which selects precisely one point from each left coset of H, see [19, Theorem 12.17] . Define ν (B) = ν(SB) for B ⊆ H Borel. Note that by [19, Theorem 15 .1] SB is a Borel subset of G, and it is easy to check that this formula defines a Borel probability measure on H. Now note that for a Borel set B ⊆ H we have
where the second equality holds because the support of ν n is included in H.
We show now that Polish, amenable at 1 groups are closed under taking continuous homomorphic images. To this end it will suffice to consider a Polish group G which is amenable at 1 and a closed normal subgroup H G and show that G/H is amenable at 1. Let π : G → G/H be the quotient map. For any Borel probability measure ρ on G/H with 1 in its support we can find a Borel probability measureρ on G with 1 in its support such that π * (ρ) = ρ. This is arranged as follows. Fix a descending sequence U n , n ∈ N, of open neighborhoods of 1 in G forming a basis at 1 with U 0 = G. Let S n ⊆ U n be a Borel set which selects one point from each coset gH of H such that gH ∩ U n = ∅ and gH ∩ U n+1 = ∅, see [19, Theorem 12.16] . Let S = {1} ∪ n S n . Then S is a Borel subset of G such that π S : S → G/H is a bijection and for any open U 1, (π S)(U ) is a neighborhood of 1 in G/H. Given ρ on G/H letρ = ((π S) −1 ) * (ρ). One easily checks that it is as required.
Let µ n be Borel probability measures on G/H with 1 ∈ supp(µ n ). Defineμ n on G as in the paragraph above, that is, so that 1 ∈ supp(μ n ) and π * (μ n ) = µ n . Since G is amenable at 1, there exist Borel probability measuresν n μ n and ν on G such that for any Borel set B ⊆ G,
Define ν n = π * (ν n ) and ν = π * (ν). Clearly ν n µ n . For a Borel set B ⊆ G/H and n ∈ N, the Borel function G g →ν n (gπ −1 (B)) ∈ R is constant on cosets of H and, therefore,
Using this identity one shows by a simple calculation that
Now it follows from this, ν(B) =ν(π −1 (B)), and (3.7) that G/H is amenable at 1. Proof. Notice that (iii) follows from (ii) and Proposition 3.1. Indeed, if G is locally compact, second countable, then G can be identified with the product of itself and countably many copies of the trivial (amenable) group consisting of the identity only. Since inverse limits of sequences of amenable, locally compact, second countable groups with continuous homomorphisms as bonding maps are closed subgroups of products as in point (ii) above, it follows from Proposition 3.1 that such inverse limits are amenable at 1. Let G be an Abelian Polish group. For µ ∈ P (G) and n ∈ N we write µ n for µ * · · · * µ where the convolution is taken n times with µ 0 equal to δ 1 . Let µ k ∈ P (G), k ∈ N, contain 1 in their supports. Fix a translation invariant metric d on G. Since the group is Polish and Abelian, d is complete, see [17, Lemma 7.4] . Let ν k be the measure obtained by normalizing the restriction of µ k to the ball around 1 of radius 1/((k + 1)2 k ). Define measures ρ k by
(There are several ways of defining ρ k to make the rest of the argument work. It was originally set to be (
The simpler formula above was suggested by Robert Kaufman.) Note first that since d is translation invariant, the support of ρ k is included in a ball around 1 of radius 2 −k . Furthermore, for any Borel function f :
.
Since the support of ρ k is included in a ball around 1 of radius 2 −k and since d is complete and translation invariant, the infinite convolution in the definition of ν converges. Let K ⊆ G be compact. Then since G is Abelian, using (3.8) we obtain for each k
(ii) We can assume without loss of generality that all H n with n > 0 are amenable. For a Haar positive set C, we write λ C for the normalized restriction to C of a right invariant Haar measure. Let π n be the projection from i H i on H n and let σ n be the projection on i≤n H i . Given i ∈ N and a Haar positive compact set C ⊆ H i , let P i,C (h, k), with h ∈ H i and k ∈ N, stand for the formula
where f ranges over Borel functions f :
Let µ k , k ∈ N, be Borel probability measures on n H n with 1 ∈ supp(µ k ) for all k. Find first Borel probability measures ν k µ k so that supp(ν k ) is compact and contains 1. For each i, we can find a compact Haar positive set [27, Theorem 4.10] . This is possible since for each i > 0, H i is amenable. Notice that since there are no k ∈ N with k < 0, for i = 0 any compact Haar positive set C 0 will do.
Restrict ν k to so small a neighborhood V of 1 that P i,C i (h, k) holds for any i ≤ k and any h ∈ π i (V ). This is possible by the following argument. If (V p ) p∈N is an open neighborhood basis at 1 in H i with V p+1 ⊆ V p for each p, C i = p C i V p , and therefore, lim p λ(C i V p ) = λ(C i ) where λ is a right invariant Haar measure on H i . Thus, for a large enough p 0 , we have
and an easy argument using right invariance of λ shows that we can take
Let ν k be the normalization of ν k . Then we still have ν k µ k and for any i, P i,C i (h, k) holds for all k and all h ∈ π i (supp(ν k )). Define
Claim. Given > 0 there exists k 0 such that for all k ≥ k 0 and all n the following holds. If L ⊆ i≤n H i is compact and x ∈ supp(ν k ), then
Proof of Claim. Take k 0 with 2
With these definitions, for 0 < j ≤ n and x ∈ supp(ν k ), we use the fact that P j,C j (π j (x), k) holds to obtain
It follows from this calculation that
Thus, the conclusion of the claim holds for all k ≥ k 0 . We need to show that for any compact K ⊆ n H n , we have lim inf k ν * ν k (K) ≥ ν(K). Notice first that since Ky is compact for any y ∈ n H n ,
Therefore, by the Lebesgue dominated convergence theorem, we get that for a given > 0 there is n 0 such that
Since in the above formula we can assume that x ranges over supp(ν k ), it follows from it, by Claim, that for k large enough
(3.9)
Since obviously ( Lemma 4.1. Let G be a Polish group containing a non-discrete free subgroup whose all finitely generated subgroups are discrete. There exist g n ∈ G, n ∈ N, which are free generators and are such that g n → 1 as n → ∞ and for each n the subgroup generated by {g 0 , . . . , g n } is discrete.
Proof. Let F < G be a non-discrete free subgroup of G whose all finitely generated subgroups are discrete. Let f m ∈ G, m ∈ N, be free generators of F . We will construct the elements g n by induction so that g n ∈ F for each n. This will immediately guarantee that for each n the group generated by {g 0 , . . . , g n } is discrete. Fix a basis of neighborhoods 1, V n , n ∈ N, with V n+1 ⊆ V n . Put g 0 = f 0 . Assume g i ∈ F for i < n have been defined. Let f m 0 be the first element of the sequence (f m ) which does not appear in the reduced form of any g i , i < n. Let W be a neighborhood of 1 such that
By non-discreteness of F we can pick a nonidentity element f in F ∩ W . Let x, y be the first and the last letter in the reduced form of f , respectively. If neither of them is in {f 0 , . . . , f m 0 −1 }, let g n = f . Otherwise, one of them is in
Note that this definition together with (4.1) imply that g n ∈ V n . Moreover, since neither the first nor the last letter in the reduced form of g n comes from {f 0 , . . . , f m 0 −1 } and each g i , i < n, is a product of these elements, it follows that g 0 , . . . , g n−1 , g n are free generators.
The lemma below is, of course, a special case of the measure disintegration theorem as in [25, Theorem 4.5] . We outline its proof here for completeness and to indicate how to establish Borelness of the map (µ, y) → µ y which may not be apparent from the argument in [25] .
Lemma 4.2. Consider the space 2 N × N where N is taken with the discrete topology. There exist Borel functions
such that for any y ∈ 2 N , µ y ({(y, n) : n ∈ N}) = 1
and for any bounded Borel function f :
Proof. Let π : 2 N × N → 2 N be the projection. It will suffice to find a Borel function F :
Assuming this has been done, we define µ y by letting
for a Borel set B ⊆ 2 N × N, and we let ν µ = π * µ. Then we get (4.2) from (4.3), and we easily check Borelness of the maps (µ, y) → µ y and µ → ν µ . To find F define for m ∈ N 
Clearly F is a Borel function. Let F m be the (finite) σ-algebra of subsets of 2 N generated by the sets {x ∈ 2 N : x (m + 1) = s} for s ∈ 2 {0,...,m} . For n ∈ N let µ n be the measure on 2 N given by
for a Borel set B ⊆ 2 N . Note that µ n is absolutely continuous with respect to π * µ on F m and 2 N y → F m (µ, y, n) is the corresponding Radon-Nikodym derivative. Note also that F m ⊆ F m+1 for each m and that the σ-algebra of sets generated by m F m is equal to the σ-algebra of all Borel subsets of 2 N . Thus, by [5, Theorem 35.8] , given µ and n the limit lim m F m (µ, y, n) exists almost everywhere with respect to π * µ and is equal to the Radon-Nikodym derivative of µ n with respect to π * µ. Thus, 2 N y → F (µ, y, n) is equal to this Radon-Nikodym derivative. It follows now that for a bounded Borel function f : 2 N × N → R, we have
which is (4.3).
Lemma 4.3. Let G be a Polish group. Assume that, for each m ∈ N, g 1,m , . . . , g m,m ∈ G are free generators and the group they generate is discrete. There exists a set B ⊆ G × P (G) such that
Proof. Let F m be the subgroup of G generated by {g n,m : n ≤ m}. Consider the left cosets of F m in G. Since Let S ⊆ G be a Borel set having precisely one point in common with each left coset of F m (see [19, Theorem 12.17] ), let f n , n ∈ N, be a bijective enumeration of F m , and let ξ : 2 N → S be a Borel isomorphism (see [19, Theorem 15.6] 
is a Borel isomorphism. Using it and the fact that the family of Borel subsets of P (G) depends only on the family of Borel subsets of G and not on the topology on G (see [19, Theorem 17 .24]), we can apply Lemma 4.2 to obtain,
m (y)) = 1 for y ∈ Y m and for a bounded Borel function f : G → R,
We will write G y for φ −1 m (y) with y ∈ Y m . Since, for each y ∈ Y m , G y is countable, µ y is a nonnegative l 1 function with the support included in G y and the l 1 norm equal to 1. We will, therefore, write µ y (x) for µ y ({x}) for x ∈ G y .
Define for i ≤ m
Note that the set A i,m is Borel. We temporarily fix µ ∈ P (G) and write A i,m ) = µ y (x), which is a contradiction. Let us also temporarily fix y ∈ Y m . Since F m acts freely on each G y by g.x = xg −1 for x ∈ G y and g ∈ F m , the Cayley graph on F m with respect to the generators g 1,m , . . . , g m,m induces an isomorphic graph on each G y for y ∈ Y m . We consider G y equipped with this graph. For each finite set F ⊆ G y , we have 
Since for all i ≤ m
we obtain that for any
Now we let y vary and, applying (4.5) to µ y for all y ∈ Y m , we get
This inequality can be restated to give
For any y ∈ Y m and any i ≤ m we have
We use the above estimate in the last inequality of the formula below to obtain
It follows from (4.7) and (4.6) that for each m
Now we let µ vary. Since A i,m is Borel, the function (4.9)
is Borel, see [19, Theorem 17.25] . It follows, therefore, that the assignment
is Borel. We claim that for each µ ∈ P (G) (4.10)
and (4.10) follows. Define now for j ≥ 2
By Borelness of the function (4.9) and of the assignment µ → m µ i , the sets E j are Borel. By (4.10) we have j E j = P (G).
Fix j. Define
Note that A j is Borel. Equation (4.4) implies that for any µ ∈ E j (4.12) (A
From the definition (4.11) of the sets E j it follows that for any µ ∈ E j ,
) < 1 and, therefore, µ(A µ j ) > 0. Let V be an open neighborhood of 1 ∈ G such that g i,i ∈ V −1 V for all i < j. Cover G by countably many left translates V n , n ∈ N, of V . Now the function
is well defined since µ(A µ j ) > 0 and is Borel since the set A j ∩ (V n × E j ) is Borel for each n, see [19, Theorem 17.25] . Thus,
is Borel and such that Clearly, B is as required: it fulfills (ii) and (iii) by what was said above and is Borel since each B j is.
The assumption of strong non-local compactness in Theorem 3(ii) will be used in the proof of this theorem through the following lemma.
Lemma 4.4. Let G be a Polish group which is strongly non-locally compact. Let X be a Borel subset of a Polish space and let F : X → K(G) be Borel. Then there exists a Borel function X x → g x ∈ G such that for any distinct
Proof. Let N <N stand for the set of all finite sequences of natural numbers. We think of s ∈ N <N as a function s : {0, . . . , n − 1} → N for some n ∈ N and write |s| for n. If m ≤ |s|, we let s m be the restriction of s to {0, . . . , m − 1}. For s as above and for k ∈ N, let sˆk stand for an element of N <N such that (sˆk) |s| = s and (sˆk)(|s|) = k.
Let us fix F and X as in the statement. By making the topology on X stronger while keeping the Borel σ-algebra unchanged, we can assume that F is continuous and that X is Polish and zero dimensional [19, 13.1, 13.11, 13.5] . We fix a complete metric d on X bounded by 1. We also fix a complete metric ρ 1 is bounded by 1 and a left invariant metric ρ 2 on G bounded by 1/2. Note that in general ρ 1 = ρ 2 .
We will construct V s ⊆ X closed and open, W s , U s ⊆ G open neighborhoods of 1, g s ∈ G, and r s positive real numbers for s ∈ N <N . Moreover, for s ∈ N <N with |s| > 0, we define h i,s ∈ G, for i ≤ m s for some m s ∈ N. They will have the following properties for all s ∈ N <N in points (i), (vi), (viii)-(x) and and for all s ∈ N <N with |s| > 0 in points (ii)-(v), (vii) (i) V ∅ = X and V s is partitioned by {V sˆn : n ∈ N}; (ii) for all x ∈ V s , F (x) ⊆ C s where C s = i≤ms h i,s U s |s|−1 ; (iii) g ∅ = 1 and g s ∈ W s |s|−1 ; (iv) g s B s ∩ g t B t = ∅ if |s| = |t| and s and t differ only on the last digit where 
A construction of the objects with the properties listed above goes as follows. Let V ∅ = X, g ∅ = 1, W ∅ = G, and r ∅ = 1. Strong non-local compactness of G allows us to pick U ∅ so that (vi) holds for it. Thus, conditions (i), (vi), (viii)-(x) and g ∅ = 1 in (iii) are fulfilled for s = ∅. The other conditions involve s ∈ N <N with |s| ≥ 1. Now assume V s is given. We find V sˆn , m sˆn , and h i,sˆn for i ≤ m sˆn with (i), (ii), (x). In order to do this, cover F (V s ) with sets of the form
for some h 0 , . . . , h m ∈ G. Now find V sˆn so that (i) nd (x) are fulfilled and for each n, F (V sˆn ) is included in a set of the form (4.13). This uses continuity of F and zero dimensionality of X. Now for each n pick m sˆn ∈ N and h i,sˆn for i ≤ m sˆn so that
Note that we have at this point the sets C sˆn and B sˆn as in points (ii) and (iv). Now we find elements g sˆn with (iii) and (iv) by recursion on n. Pick g sˆ0 ∈ W s . Assume g sˆk have been defined for k ≤ n. Consider the set
Note that this set is a finite union of two sided translations of U 2 s U −2 s . Thus, it does not contain W s by (vi) for s, so we can pick g sˆ(n+1) ∈ W s not in the above set. Then, obviously, for any k ≤ n g sˆ(n+1) B sˆ(n+1) ∩ g sˆk B sˆk = ∅.
Let now r sˆn > 0 be such that (vii) holds. Pick W sˆn 1 small enough to fulfill (v), (viii), (ix). Then, using the fact that G is strongly non-locally compact, find U sˆn satisfying (vi). Thus, conditions (i)-(x) hold for the newly constructed objects.
For each x ∈ X let η x be the unique element of N N such that x ∈ V ηx n for each n. Define
The product converges by (iii) and (viii) since ρ 1 is complete. In fact, since X x → η x ∈ N N is clearly continuous, (iii) and (vii) give that the function X x → g x ∈ G is continuous. Now, for any s ∈ N <N we have
Point (a) follows from (iv). To see (b), put sˆn = η x |s| + 1. Note that by left invariance of ρ 2 we have
Point (iii) gives for all i ≥ |s| + 2, g ηx i ∈ W ηx i−1 which, together with (ix), implies that
This inequality, in turn, together with (vii) gives g ηx |s|+1 g ηx |s|+2 · · · ∈ W s . It follows from this, (v) and the definitions
Thus, we obtain
which is (b). Since F (x) ⊆ C ηx n for each n, it follows from (b) that if x = y and i is the first natural number with η
Proof of Theorem 3. (i) The proof of this point uses only Lemma 4.1. This lemma guarantees the existence of a sequence (g n ) converging to 1 whose elements are free generators of the subgroup they generate. By going to a further subsequence we can find a 0 n , a 1 n ∈ G such that (a) for each n, a 0 i , a 1 i for i ≤ n are free generators and the subgroup generated by them is discrete; (b) for any x ∈ 2 N , the infinite product · · · a
converges and for any neighborhood U of 1 there exists n ∈ N such that for any x ∈ 2 N · · · a
Point (a) is fulfilled if only (a 0 n ) and (a 1 n ) are subsequences of (g n ) and a 0 n 1 = a 1 n 2 for all n 1 , n 2 ∈ N. Point (b) can be fulfilled by making (a 0 n ) and (a 1 n ) converge to 1 fast enough.
Let H n be the subgroup of G generated by {a 0 i , a 1 i : i ≤ n}. Since by (a) H n is discrete, we can find S n ⊆ G a Borel set which is a selector for the family of all left cosets of H n , see [19, Theorem 12.17] . Thus, for any g ∈ G there exist unique s g n ∈ S n and f
it follows that {g ∈ G : f g n = f } is both co-analytic and analytic; thus, from the Suslin separation theorem [19, Theorem 14 .11], we get that the function
n ∈ H n is Borel, where H n is taken with the discrete topology. By (a), we can think of elements of H n as irreducible words in the alpha-
This allows us to make the following definition. If f g n = 1, let
n is Borel. Define now B = {g ∈ G : t n (g) = a 0 0 for infinitely many n} C = {g ∈ G : t n (g) = a 1 0 for infinitely many n}.
Note that C ⊆ Ba 1 0 . Indeed, if g ∈ C, then for infinitely many n we have t n (g) = a 1 0 , so t n (g(a 1 0 ) −1 ) = (a 1 0 ) −1 for infinitely many n, whence g(a 1 0 ) −1 ∈ B. Thus, it will suffice to see that B is Borel, that B ∪ C = G, and that B is left Haar null. Borelness of t n implies that B is Borel. If g ∈ G \ (B ∪ C), then t n (g) = a 0 0 for all n large enough and t n (g) = a 1 0 for all n large enough which leads to a contradiction as a 0 0 = a 1 0 . Thus, B ∪ C = G. Therefore, it remains to show that B is left Haar null.
Consider the function φ : 2 N → G given by
By (b), φ is well defined and continuous. Therefore, we can define a Borel probability measure µ on G by letting for any Borel set
where λ is the product measure on 2 N = {0, 1} N arising from the measures assigning weight 1/2 to both 0 and 1 on each coordinate. We claim that for any h ∈ G, µ(h −1 B) = 0 which makes B left Haar null. Fix h ∈ G. We need to show that
Note that, by the definition of B, it will suffice to show that for each n ∈ N (4.14)
Fix n ∈ N. Note that λ is the product of a Borel probability measure on 2 N\{0,...,n−1} and the normalization of the counting measure on 2 {0,...,n−1} . Therefore, by Fubini's theorem, to see (4.14), it suffices to check that for any z ∈ 2 N\{0,...,n−1} |{σ ∈ 2 {0,...,n−1} :
Fix a z ∈ 2 N\{0,...,n−1} . Find the unique s z n ∈ S n and f z n ∈ H n with
Note that for σ ∈ 2 {0,...,n−1} the element a 
Since f z n does not depend on σ, this can happen for at most one σ confirming (4.15).
(ii) Let us fix a sequence (g n ) as given by Lemma 4.1. We will produce a Borel non-left Haar null set A ⊆ G such that g n ∈ A −1 A for all n ∈ N. Since g n → 1, this will give that 1 is not in the interior of A −1 A proving (ii) of Theorem 3.
Let
Then X is a Borel subset of the Polish space P (G) × K(G), see [19, 17.29] . For x ∈ X, we will write
Therefore, by Lemma 4.4 applied to the Borel map F : X → K(G) given by
we obtain a Borel function X x → g x ∈ G such that (4.17)
Let H : X → P (G) be given by
The function H is easily seen to be Borel. Let B ⊆ G × P (G) be a Borel set as in Lemma 4.3 produced for the sequences given by g i,m = g i for i ≤ m ∈ N. Define now
which is Borel by Borelness of B and H. The set
is closed and, therefore,
is Borel. Note that B 2 has the following properties. For each x ∈ X, 
, which together with (1) imply injectivity of (x, g) → g x g on B 2 . Thus, A is Borel by [19, Theorem 15.1] . Clearly, A = x∈X g x (B x 2 ). Therefore, it is immediate from (2) that A is not left Haar null. Furthermore,
hence by (4.18) and (4.17) and (1) it follows that
Consequences for locally compact groups and Haar null sets.
We deduce now Theorem 5 from Lemma 4.3.
Proof of Theorem 5. Assume towards contradiction that each neighborhood V of 1 has two elements x, y generating a discrete, non-Abelian, free subgroup. Note that the two elements are then free generators, see [13, Theorem 7.3.3] . Since as is well known for each n ∈ N the free group on two generators contains a subgroup which is a free group on n generators, there exist n words w 1 , . . . , w n in two letters which when evaluated on x and y give n free generators. Thus, i≤n w i (V × V ) contains n free generators generating a discrete subgroup. Since V is an arbitrary neighborhood of 1, it follows that each neighborhood of 1 contains n free generators generating a discrete subgroup.
Fix an open basis V n , n ∈ N, at 1 with V n+1 ⊆ V n . For each n, let g 1,n , . . . g n,n ∈ V n be free generators of a discrete subgroup of G. Let B ⊆ G × P (G) be a Borel set constructed in Lemma 4.3 for these elements g i,n . Since the left Haar measure on G is σ-finite, there exists a Borel probability measure µ on G whose measure zero sets are precisely Haar measure zero sets. By Lemma 4.3(ii), µ(B µ ) > 0, whence B µ has a positive Haar measure. Also by (iii) of the same lemma, for each i there exists an m i ≥ i such that g i,m i ∈ (B µ ) −1 B µ for each i. Since g i,m i → 1 as i → ∞, it follows that 1 is not in the interior of (B µ ) −1 B µ contradicting [16, 20.17] .
We present now the proof of Corollary 6 from Theorem 3.
Proof of Corollary 6. (i) The set B in Theorem 3(i) is left Haar null but not Haar null. In fact, it is not even right Haar null. Otherwise, the Borel probability measure witnessing that it is right Haar null would assign measure 0 to B ∪ Bg for any g ∈ G and, therefore, it would assign measure 0 to G, contradiction.
(ii) This is immediate from Theorem 3(ii) and the fact that Haar null sets are left Haar null.
4.3. Strongly non-locally compact groups with a free subgroup at 1. In this section, we will present examples of Polish groups to which Theorem 3 and Corollaries 4 and 6 apply. We will start with developing criteria for having a free subgroup at 1 and for strong non-local compactness.
4.3.1.
A criterium for having a free subgroup at 1. Proposition 4.1. Let H n , n ∈ N, be Polish groups infinitely many of which contain a discrete non-Abelian free group. Assume G is a Polish group containing a closed subgroup isomorphic to n H n . Then G has a free subgroup at 1.
Proof. It suffices to prove it for G = n H n assuming that all H n contain discrete non-Abelian subgroups. We can also assume that each H n contains a discrete non-Abelian free subgroup. Since a non-Abelian free subgroup contains a free subgroup F n on n generators for n ∈ N, we can assume that F n < H n . Let f i,n , i < n, be generators of F n . Define h m ∈ n H n by letting
Since the group generated by {h m : m ≤ n} projects injectively onto F n , we see that it is free and discrete, and the proposition follows.
4.3.2.
Criteria for strong non-local compactness. The obvious proposition below justifies the name of strong non-local compactness. We leave its proof to the reader. (i) If G is a Polish group which has a two-sided invariant metric and is not locally compact, then it is strongly non-locally compact.
(ii) If G is a Polish group which is the product of a sequence of Polish non-compact groups, then G is strongly non-locally compact.
Proof. To see (i) fix a two-sided invariant metric d on G. Since G is Polish, any two-sided invariant metric, in particular d, is complete, see [17, Lemma 7.4] . Now if G is not strongly non-locally compact, then there is a neighborhood U of 1 which can be covered by F 1 V F 2 for any neighborhood V of 1 and for some finite F 1 , F 2 ⊆ G. Since d is two-sided invariant, it follows that U is totally bounded with respect to d. Since d is complete, U is compact. To see (ii), let G = n H n with H n Polish for n ∈ N. If G is not strongly non-locally compact, fix a neighborhood U of 1 which can be covered by F 1 V F 2 for any neighborhood V of 1 and for some finite sets F 1 , F 2 ⊆ G. We can assume that U = n<N U n × n≥N H n for some open U n ⊆ H n . Since V can be taken to be n<N H n × V N × n>N H n with V N an arbitrary open neighborhood of 1 in H N , it follows that H N can be covered by finitely many two-sided translates of each neighborhood of 1. This implies, by [31, Lemma 1.2] , that H N is compact.
Let a Polish group G act continuously on a metric space (X, d). 
We claim that V is as required. Let g i , h i ∈ G, i ≤ n. We show that U ⊆ i≤n g i V h i . By uniform continuity of each g −1 i , we can find δ 0 > 0 such that for all i ≤ n and for any x, y ∈ X
Now by (4.20) and (4.21) for any i ≤ n there is a subsetF i ofF with (4.19) , this immediately implies that g
and the proposition follows.
4.3.3. Examples. We give here examples of Polish groups which have free subgroups at 1 and are strongly non-locally compact. 1. n H n where H n , n ∈ N, are Polish groups containing discrete nonAbelian free subgroup.
That this group has a free subgroup at 1 and is strongly non-locally compact follows directly from Propositions 4.1 and 4.3(ii).
2. The group S ∞ of all permutations of N and the group Aut(Q) of all permutations of Q which preserve the standard linear order where Q stands for the rationals. Both these groups are taken with the pointwise convergence topology.
First we show that Aut(Q) has a free subgroup at 1. Note that Aut(Q) contains Aut(Q) N as a closed subgroup. Indeed, Aut(Q) is naturally isomorphic, via an isomorphism φ n , with the subgroup of Aut(Q) consisting of all f with f (q) = q for all q ≤ n and all q ≥ n + 1 for n ∈ N. Then the function φ : Aut(Q) N → Aut(Q) given by
is well defined (the product converges) and continuous. Moreover, it is a topological isomorphism with the closed subgroup consisting of all f ∈ Aut(Q) with f (n) = n for all n ∈ N and f (q) = q for all negative q ∈ Q. Thus, by Proposition 4.1, it suffices to show that Aut(Q) contains a discrete non-Abelian free subgroup. An explicit example of a non-Abelian free subgroup of Aut(Q), which one can easily check to be discrete, is given in [3] (see also [14, pp. 30-31] ) and another one, with a full argument, in [28, Theorem 8.1] .
By identifying Q with N via a bijection, we see that Aut(Q) is a closed subgroup of S ∞ . Therefore, S ∞ has a free subgroup at 1 as well. Now we show that Aut(Q) and S ∞ are strongly non-locally compact. The proofs in both cases are similar and rely on Proposition 4.4. Consider the natural action of S ∞ on the one point compactification X of N (with some fixed metric): an element of S ∞ permutes points of N and leaves the point at infinity fixed. It is easily seen that if U is an open neighborhood of the identity in S ∞ and n U ∈ N is such that all permutations f of N with f (i) = i for all i ≤ n U are in U , then the action on X is (n U + 1, U )-proximal. The action is obviously continuous and, since X is compact, it is done by uniformly continuous functions (with respect to the fixed metric on X). Thus S ∞ is strongly non-locally compact by Proposition 4.4.
The proof that Aut(Q) is strongly non-locally compact is essentially the same: we consider Q with the discrete topology and the natural action of Aut(Q) on the one point compactification of Q and apply Proposition 4.4 as above.
The example of the group Aut(Q) is particularly interesting since despite having a free subgroup at 1 this group is extremely amenable, that is, each continuous action of it on a compact space has a fixed point by [28] .
3. The group Homeo([0, 1] n ) of all homeomorphisms of the n dimensional cube where n ∈ N. 
For any open neighborhood U of the identity in G consider the natural action of G on (0, 1) n . Let δ > 0 be such for any homeomorphism h with D(h, id) < δ we have h ∈ U . Let m U be ([3/δ] + 1) n and let > 0 be given. Let F ⊆ (0, 1) n be a finite set. Divide (0, 1) n into m U many cubes using hyperplanes which do not contain points in F and which are parallel to the hyperplanes in R n given by the equations x i = 0 for i = 1, . . . , n. This is to be done in such a way that each of the cubes in the division has each of its sides of length < δ/2. Let B k , k ≤ m U , list the interiors of these cubes. So F ⊆ k≤m U B k . Let a k ∈ B k . It is easy to see that for each k with F ∩ B k = ∅ there exists h k ∈ Homeo([0, 1] n ) such that h k is the identity on [0, 1] n \ B k and h k (F ∩ B k ) is contained in a ball of radius around a k . If F ∩ B k = ∅, then let h k be the identity. Then the distance from h k • · · · • h 1 (F ) to a subset of {a k : k ≤ m U } is not bigger than and D(h k • · · · • h 1 , id) < δ since the diameter of each B k is smaller than δ. It follows that h k • · · · • h 1 ∈ U . Thus, we showed that the action of G on (0, 1) n is (m U , U )-proximal. Note also that this action is continuous and that it is done by uniformly continuous with respect to d functions as it is a restriction of the natural action of G on the compact metric space [0, 1] n .
Note that since as shown above the group of all increasing homeomorphisms of [0, 1] has a free subgrop at 1, we see that that Corollary 6(i) generalizes [30] .
By an argument similar to the one above one can show that many other homoeomorphism groups of compact metric spaces have free subgroups at 1 and are non-locally compact, for example, Homeo([0, 1] N ) and Homeo(S 1 ) where S 1 is the circle. It may be worth mentioning here that one can deduce from results of [22] (see also [11] ) that all non-compact subgroups of the homeomorphism group of S 1 contain discrete non-Abelian free subgroups.
4. The group Homeo(2 N ) of all homeomorphisms of 2 N and the group of all measure preserving homeomorphisms of 2 N where 2 N is taken with the product measure λ of measures on 2 = {0, 1} assigning weight 1/2 to 0 and 1.
Let us denote the group of measure preserving homeomorphisms of 2 N by G. An easy argument shows that G contains G N as a closed subgroup. Simply note that there is a measure preserving homeomorhism between (2 N ) N with the product measure λ N and 2 N×N with the product measure of measures on 2 assigning weights 1/2 to both 0 and 1. By identifying N with N × N via a bijection we see that this last space is isomorphic to 2 N with λ. Now G N embeds in the obvious way as a closed subgroup of the group of measure preserving homeomorphisms of (2 N ) N with λ N so also as a closed subgroup of G. Thus, by Proposition 4.1 it suffices to show that G contains a discrete non-Abelian free subgroup. A bijection between N and the free group F 2 on two generators induces a measure preserving homeomorphism between 2 N and 2 F 2 . It will be enough to find a discrete non-Abelian free subgroup in the group of measure preserving homeomorphisms of 2 F 2 . For σ ∈ F 2 let S σ : 2 F 2 → 2 F 2 be the shift given by S σ (x)(τ ) = x(τ σ).
Then {S σ : σ ∈ F 2 } is the required discrete subgroup.
Since G is a closed subgroup of Homeo(2 N ), this last group also has a free subgroup at 1.
One shows that both groups in this point are strongly non-locally compact by applying Proposition 4.4 to their natural actions on 2 N . We leave the details to the reader.
5. Given a metric d on N N one produces a metric ρ on the free group on N N as in [12, pp. 8-10] . This metric is both left and right invariant [12, p. 13] . Let G be the group which is the metric completion with respect to ρ of the free group on N N . This group is surjectively universal for Polish groups with two-sided invariant metrics, that is, it can be mapped via a continuous homomorphism onto any Polish group with a two-sided invariant metric.
The group G has a free subgroup at 1. Indeed, pick x n , x ∈ N N , n ∈ N, all distinct and such that lim n d(x n , x) = 0. Then the group F generated by {x} ∪ {x n : n ∈ N} is free and not discrete. On the other hand, if D ⊆ {x} ∪ {x n : n ∈ N} is finite, then it is easy to verify using formulas defining ρ [12, pp. [8] [9] [10] that for any g = 1 in the group generated by D ρ(g, 1) ≥ min{d(y 1 , y 2 ) : y 1 , y 2 ∈ D, y 1 = y 2 } > 0.
Thus, the group generated by D is discrete. It follows that F witnesses that G has a free subgroup at 1.
The group G has a two sided invariant metric and is not locally compact (as it contains a closed copy of N N ) so it is strongly non-locally compact by Proposition 4.3(i).
Questions
One can define the notion of right Haar null sets by changing µ(gB) in the definition of left Haar null sets to µ(Bg). It follows from Theorem 3(i) that on Polish groups with free subgroup at 1, left Haar null sets are distinct from right Haar null sets. (Simply note that if the set B in the statement of Theorem 3(i) were right Haar null so would be B ∪ Bg but this last set is equal to G.) On the other hand, these two families obviously coincide on Abelian and on locally compact Polish groups and one can check that the same holds on countable products of amenable, locally compact, second countable groups. In this context, the following question is of interest. An affirmative answer the the next question would allow us to remove the assumption of strong non-local compactness from Theorem 3(ii).
Question 3. Assume G is a Polish group having a free subgroup at 1. Is G strongly non-locally compact?
In relation to Question 3, one should mention that its "non-compactness" analog is true. It was proved in [31, Lemma 1.2] , and independently by Uspenskij as mentioned in [36] , that a Polish group G is non-compact precisely when there exists a neighborhood V of 1 such that G is not covered by finitely many sets of the form g 1 V g 2 with g 1 , g 2 ∈ G.
